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ABSTRACT
This paper gives analytical treatment and experimental details on on/off-bistability in vertical-cavity surface-
emitting lasers with frequency-selective feedback by a grating. In particular, the conditions for the coexistence
of lasing and nonlasing states and an abrupt turn-on behaviour at threshold are derived using an envelope
approximation. The theoretical and experimental results are in satisfactory agreement.
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1. INTRODUCTION
This paper is devoted to investigations of the influence of delayed spectrally-filtered optical feedback on the
operation characteristics of a vertical-cavity surface-emitting laser (VCSEL). In edge-emitting semiconductor
lasers, external frequency-selective optical feedback along is known to provide stabilization of single-longitudinal
mode operation1–4 but also to induce bi- or multi- stability between different emission states of the laser.5–9 In
particular, in Ref.7 a filter-induced bistability between solitary laser- and external cavity- states was observed.
Bistability between lasing and non-lasing states and as a result an abrupt turn-on at threshold was found ex-
perimentally and theoretically in a recent paper for a VCSEL with optical feedback from a holographic diffraction
grating.10 The bistability arises due to the interplay of the frequency selectivity of the grating, phase-amplitude
coupling and thermal shifts of the emission frequency. In the present paper, we provide an analytical treatment
of these phenomena and further experimental details.
This type of bistability could be useful for all-optical switching in photonic applications. In broad-area devices,
the bistable characteristic might give rise spatial self-localized emission states (cavity solitons),11 which are
considered as ”bits” in future all-optical information processing schemes.12 Also, frequency-selective feedback
provides additional possibilities for the design of laser schemes with higher controllability in comparison to
conventional external optical feedback (e.g., for chaotic encryption applications), especially in conjunction with
polarization degrees of freedom.
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Figure 1. Experimental setup: CL collimating lens, λ/2 half-wave retardation plate, LP linear polarizer, G grating, M
HR-mirror, ISO optical isolator, BS beam splitter, D low-bandwidth detector, FPI scanning Fabry-Perot interferometer.
2. EXPERIMENT
The experimental setup is an amended version of the one described in10 (Figure 1). The VCSELs investigated
are gain-guided devices with an aperture diameter of 15 µm from EMCORE Corp. (emission wavelength in the
850 nm region) operating in the fundamental transverse mode close to threshold (up to approx. 20% above
threshold). The light is collected by an aspheric, anti-reflection coated lens. The external cavity is set up in
Littman configuration, i.e., a holografic reflection grating (2000 lines/mm, Au coated) is hit at grazing incidence
and the first diffraction order is retro-reflected by a plane highly-reflecting mirror. The bandwidth of the bandpass
is estimated to be about 20 GHz from the size of the light spot on the grating. The zeroth order is coupled out
and used for detection. The length of the external cavity is about 31 cm.
A combination of polarizing components is used to change the feedback strength. The final polarizer is
adjusted to transmit the component orthogonal to the grooves of the grating. This is the component with
the higher diffraction efficiency (36%). This polarizer ensures a defined polarization state on the grating. A
second polarizer is used to attenuate the feedback by turning it with respect to the final one. A half-wave plate
is used to adapt the main principal axes of the VCSEL to the transmissive direction of the second polarizer.
Since not all elements were anti-reflection coated, the losses were quite high and the maximum feedback level
achievable in the setup is about 7%. The maximally observed threshold reduction is 22%, though 17-18% are
more typically because alignment is very critical. This matches observations with feedback from a normal mirror
that the maximally achieved feedback strength is about 70-80% of the theoretical value for a very carefully
aligned setup13 but as low as about 40% otherwise.14, 15
The laser is isolated from the detection path by an optical isolator with an isolation of more than 60 dB. A low-
bandwidth detector is used to monitor the time-averaged, polarization resolved light-current (LI-) characteristics.
The polarization resolved optical spectrum is measured with a plano-planar scanning Fabry-Perot interferometer
with a finesse of 200 and a free spectral range of 51 GHz.
The free-running laser has a threshold of about 6.36 mA. The LI-curve is approximately linear and the turn-
on behavior is continuous (see the rightmost line in Figure 2a). This is a usual behavior of a laser, which shows
a supercritical bifurcation from the non-lasing to the lasing state. One of the linear polarization components is
strongly dominating the emission.
For the strongest achievable feedback (nominally 7%) and a suitable detuning condition, there is an abrupt
switch-on, after some shoulder. The appearance of the shoulder can be interpreted in two ways: First, the
threshold behavior is supercritical and the laser emits on an external cavity mode with low intensity until this
loses stability and the laser jumps onto the mode with high intensity. Another reason of the shoulder might
be the occurrence of high-frequency oscillations before the abrupt switch-on which are averaged in time by our
experimental detection system (see10). (Numerical simulations indicate that the shoulder should be lower in
height and more flat in this case, though.) If the current is increased further, this LI-curve shows a gradual
decrease of output power, which is due to the fact that the laser gradually leaves the optimum operating point
at the maximum of the filter due to the current induced red-shift (see10). If the current is reduced again, the
LI-curve is traced back approximately but extends beyond the up-switching point until there is again an abrupt
switch-off. There is clear hysteresis and hence bistability.
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Figure 2. (a) Laser output power in dependence on injection current for different feedback level. From left to right:
7% (down- and up-scan), 1.1% (up-scan), 0.04% (up-scan), 0% (up-scan). In the two latter cases up- and down scan are
identical except for noise. The grating frequency is the same as for the left line of figure (b). (b) The feedback strength
versus the pump current for abrupt switch-on events. Lines correspond to fixed values of the grating frequency.
If the feedback strength is reduced, the switching point moves to higher current, in tendency, and the am-
plitude of the switching decreases. For some feedback levels we have observed a ”pure” abrupt switch-on (i.e.
without a shoulder). At a feedback level of nominally 1.1% (third to left curve in Figure 2a), there is still an
abrupt switch-on but afterwards the laser does not stay on the high-amplitude state but there are irregular
switching-events between a low-amplitude and a high-amplitude state. The details vary from scan to scan and
the up- and down scans are also similar without a measurable hysteresis. This is interpreted as noise-induced
back-and-forth switching from the grating-controlled high-amplitude state to the essentially solitary laser low-
amplitude state and vice versa. It indicates that the ’potential barrier’ between the two bistable states is low and
thus one can anticipate that bistability will vanish soon, if the feedback strength is decreased further. Indeed,
for a nominal feedback strength of 0.39% the switch-on of the laser is clearly supercritical (second to right curve
of Figure 2a). The transition point from a supercritical switch-on to a subcritical one is found to be around a
nominal feedback strength of 0.5%.
The above mentioned dependence between the feedback strength and the current at which abrupt switch-on
events occur is shown in Figure 2b for four values of the detuning between the solitary laser frequency and
the grating frequency. The feedback strength was changed by rotation of the leftmost polarizer along with the
half-wave plate. A rotation to the left and to the right gave slightly different results probably due to a resulting
misalignment and imperfect coupling. The corresponding difference reached about 0.03 mA.
Figure 3a demonstrates a decrease of the height of the intensity jump with increasing switching current
and – via Figure 2b – feedback strength. Figure 3b gives the dependence of the switching current versus the
grating frequency for abrupt switch-on events at the maximal value of the feedback strength (7%). The origin
of the grating frequency is arbitrary. The straight line corresponds to the solitary laser dependency of the lasing
frequency versus the pump current (only the slope has a meaning). The comparison of the two slopes implies that
the effective detuning (i.e., the sum of the initial detuning and the current-induced red shift) at the switching
point is constant across the measurement. A shoulder similar to the one discussed for the first LI-curve in
Figure 2a is observed also for the upper points of Figure 3b, i.e. for high switching currents and a large initial
detuning (low currents correspond to high detunings here).
Below we present our analytical treatment of these phenomena and results of numerical simulations.
(a) (b)
 0
 1
 2
 3
 4
 5
 6
 5.4 5.6 5.8 6 6.2 6.4
jum
p h
eig
ht 
(ar
b. 
un
its
)
switching current (mA)
Laserschwelle
Ebene: z=3.569*cos4φ+3.018*I-16.592
 5.2
 5.4
 5.6
 5.8
 6
 6.2
 6.4
 10  20  30  40  50  60  70  80  90
sw
itc
hi
ng
 c
ur
re
nt
 (m
A)
rel. frequency (GHz)
Figure 3. (a) Jump height versus the pump current for abrupt switch-on events. The values of the feedback strength and
the grating frequency are the same as in the Figure 2. (b) The switching current versus the grating frequency for abrupt
switch-on events at the maximal value of the feedback strength (7%). The origin of the grating frequency is arbitrary.
The straight line corresponds to the solitary laser dependency of the lasing frequency versus the pump current.
3. MODEL EQUATIONS
Polarization and spin dynamics of a VCSEL based on a quantum-well active medium can be described in the
framework of the so called spin-flip-model (SFM).17 The modified rate equations describing the polarization
dynamics in a VCSEL with frequency selective optical feedback from a distant diffraction grating have the
following form10:
dE±
dt
= κ (1 + iα) (N± − 1)E± + i∆ω0E± − γE∓ + F± +W±, (1)
1
Γ
dN±
dt
= µ−N ∓ γs
Γ
D − 2N±|E±|2 −WN±,
Here, E− and E+ are the left and right circularly polarized components of the slowly varying amplitude of the
electromagnetic field; Eopt±(t) = Re (E±(t) exp(iω0t)), where ω0 is an arbitrary reference frequency. They are
connected to the xˆ - and yˆ - linearly polarized components of the field Ex and Ey by E± = 1√2 (Ex ± i Ey). N is
the total population difference between the conduction and valence bands, D is the difference of the population
differences for the two allowed transitions between the magnetic sublevels associated with right and left circularly
polarized light. N± = N ±D are the population differences for the two allowed transitions. µ is the normalized
injection current, which takes the value 1 at the solitary laser threshold (without anisotropies). γs is the decay
rate for the difference D which is reduced by both spontaneous emission and spin-flip relaxation processes, Γ
is the decay rate of the total carrier population N (we use a typical value of 1/Γ ≡ τe = 1 ns). γ = γa + i γp
denotes the anisotropies. γa is the anisotropy of the field loss rate (positive γa gives the yˆ- polarized component
a lower threshold). γp represents the linear birefringence of the cavity (which gives opposite frequency shifts for
the different linearly polarized fields of the solitary laser). κ is the mean of the decay rates of the two linearly
polarized components of the field; α is the linewidth enhancement factor. ∆ω0 is the solitary laser frequency,
which is measured – as all optical frequencies – with respect to the reference frequency ω0. Due to the shift of
the cavity resonance because of Joule heating, the solitary laser frequency has the following phenomenological
dependence on the injection current (see, e.g.,8, 9):
∆ω0 = ∆ωth0 − kµ(µ− 1), (2)
where ∆ωth0 is the value of the frequency at the onset of lasing and the coefficient kµ can be obtained from
experiments. The effect of filtered feedback from a diffraction grating is calculated as:
F¯ (t) =
1
2pi
∫ +∞
−∞
dωKˆ(ω)
∫ +∞
−∞
dt′E¯(t′) exp(iω(t− t′)), (3)
where column vector E¯ ≡ (E+, E−) denotes the vectorial optical field, F¯ ≡ (F+, F−) and Kˆ(ω) is the full matrix
transfer function of the external cavity. Only one field round-trip in the external cavity is considered here. The
polarization principal axes of the grating are aligned with the ones of the VCSEL, but the diffraction efficiency
is anisotropic. The operation frequency of the laser with feedback will be denoted by Ω. Hence, the transfer
function can be represented as: Kˆ(Ω) = σˆh(Ω) exp(−iτ(Ω+ω0)), where τ is the external cavity round-trip time.
The diagonal elements of the matrix σˆ are equal to 12 (σx + σy) and the nondiagonal ones are
1
2 (σx − σy). Here,
σx, y represent the feedback strength for the x- and y- polarized components, where σx, y = (1− r22)rx, y/(r2τin).
r2 is the amplitude reflectivity of the outcoupling mirror of the VCSEL and rx, y are the corresponding values for
the grating (on peak) for the two orthogonal polarization components, τin is the VCSEL cavity round-trip time.
h(Ω) is a normalized frequency dependent part of the transfer function. For the Littman configuration considered
here, the light emitted by the VCSEL undergoes a double reflection from the diffraction grating before returning
into the laser. Hence, the transfer function h(Ω) is given as the square of a normalized reflection coefficient of
the grating:
h(Ω) =
(
exp(−iT (Ω− ωm)) sinT (Ω− ωm)
T (Ω− ωm)
)2
. (4)
Here, ωm is the frequency of the main grating maximum. 1/T is the grating bandwidth. It is related to the half
width at half maximum, HWHM, of the double-reflection transfer function h(Ω), Eq. (4) by T = x0/HWHM,
where x0 is the root of the equation (sinx0/x0)4 = 1/2 and x0 ' 1.0019.
For the use in simulations, the above integral equation for the feedback term F¯ (t) is reformulated as a system
of differential equations with delay terms. Making use of the fact that the Green function describing the single
reflection from the grating is G(t) = exp (iωmt) [sign(t)− sign(t− 2T)] /(4T ) (see, e.g.,9), the double reflection
can be described by F¯j(t) = 12T
∫ t
t−2T dt
′F¯j−1(t′ − τ/2) exp(iωm(t− t′)), where the index j on the lhs takes the
values j = {1, 2}, F¯0(t) ≡ E¯(t) and F¯ (t) = σˆ exp(−iω0τ)F¯2(t) or in differential form10:
d
dt
F¯j(t) =
1
2T
[F¯j−1(t− τ/2)− F¯j−1(t− τ/2− 2T )× exp(iωm2T )] + iωmF¯j(t). (5)
We take into account the Langevin noise sourcesW± andWN± that arise from spontaneous emission processes
only, because it is not expected that the results depend on the details of the noise process. They have the following
form18: W± =
√
βnκΓN±ξ± (t) and WN± = 12κ
(
W ∗±E± + c.c.
)
, where βn is the spontaneous emission factor
(the fraction of the spontaneously emitted photons that goes into the lasing modes); ξ± are two independent
complex noise sources with zero mean and the correlation 〈ξ±(t)ξ∗±(t′)〉 = 2δ(t − t′). In numerical simulations
they are represented as ξ±(t) = χ±/
√
∆t, where χ± are complex Gaussian random variables (with zero mean
and standard deviation 〈χiχ∗i 〉 = 2), and ∆t is the time interval over which the noise is held constant.
Due to the large uncertainty in the experimental parameters (α-factor, bandwidth of feedback, reflectivity
of outcoupling mirror, intra-cavity losses and coupling efficiency to external cavity), a quantitative comparison
between experiment and theory is quite difficult. The values R2 = 0.994 and κ = 250ns−1 (the latter corresponds
to R1 = 0.998, τin = 24 fs, index ngr = 3.6 and intracavity losses a = 20 cm−1) suggested in14 for VCSELs of
the same type and α = 5 proved to be reasonable in our previous studies.10, 15, 16 The HWHM of the grating is
14.4pi GHz for the double pass (in accordance with a single-pass bandwidth of 20 GHz).
The theoretically estimated maximal threshold reduction (∆µ = 21% in the coupled cavity approach) for
the highest feedback strength (nominally 7% or σx = 66ns−1) is quite close to the one obtained experimentally
(22% maximally and 17-18% more typically, see above).
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Figure 4. (a) Sets of the steady states in the domains (∆ω0, N). The set with a high/low amplitude corresponds to x-/y-
linearly polarized solutions. Dark grey lines denote lasing modes (above threshold). Black lines denote Enl envelopes,
open circles (”o”) and crosses (”x”) denote limit and threshold points in the envelope approximation. Thin grey line
closed to the Enl envelope is the image (map) of the Ewl- envelope onto the space. (b) The steady state surface given
by eq. (8) in the domain (wm, w, n)-space and its projections onto the corresponding two-dimensional subspaces.
4. ANALYTICAL CONSIDERATIONS
Steady states (monochromatic solutions) of the system (1), (3) in the absence of noise are found in the form
E± = Q± e±iψ+iΩt. For our experiments (Section 2), the locking of circularly polarized states to linearly
polarized x- and y-steady-state solutions (or external cavity modes) is more typical due to the strong anisotropy
(see, e.g.,17). They were given in.10 A typical example is presented in Figures 4, where we display the space
spanned by the frequency ∆ω0 and the total population inversion N . Dark grey lines denote the location of
modes satisfying the threshold condition µ ≥ µth as given by equation (2). In accordance with that, the threshold
line has the simple shape
∆ω0 = ∆ωth0 − kµ(N − 1). (6)
Note that we assume ωm = 0, i.e. the reference frequency is the grating frequency.
To analyze the steady-state set, we introduce its envelope as the geometrical locations of the extremal
(maximal/minimal) steady-state points in the space (∆ω0, N). The black lines in figure 4 denote the (∆ω0,
N)- lower envelope Enl. It is evident that the envelope Enl in Figure 4a is S-shaped for x- linearly polarized
steady-state solutions. The two limit points are denoted by open circles (”o”). Hence, in the area between the
two limit points there is the possibility to observe the bistability between two different emission states with the
same polarization. One is strongly affected by the feedback, whereas the other one corresponds essentially to the
emission of the solitary laser. In between there is a third steady-state solution which is always unstable (the two
others might be stable or unstable depending on parameters). y-polarized steady-states have a low amplitude
and their low envelope does not display a bistability.
Crosses (”x”) denote the threshold points where the laser switches on, if the current is increased from zero.
For the nonlasing solution, increasing the current corresponds to a movement along the line N = −∆ω0/kµ+1+
∆ωth0 /kµ starting in the lower right corner (see eq. (6)). The threshold is encountered where this line intersects
with the envelope of the set of steady-states. The slope is given by −1/kµ which is fixed for a specific device,
but the threshold can be varied by changing the threshold solitary-laser frequency ∆ωth0 , which corresponds
to moving the line up and down. (This was done, for example, in the experimental measurements leading to
Fig. 3b.) In particular, it can be arranged that the threshold point is between the two limit points. In that
case, there is bistability between the feedback-effected state and the off-state between the threshold point and
the right limit point. An abrupt (subcritical) turn-on of the laser to a high-amplitude emission is encountered
because the threshold steady-state (cross) is unstable and the laser moves to the state on the lower envelope.
For convenience, we introduce the normalized value of the operating frequency w = T (Ω − ωm). Corre-
spondingly, wth0 = T (∆ω
th
0 − ωm) denotes the normalized initial detuning between the (average) cavity res-
onance and the grating at the threshold of the solitary laser. Then the normalized detuning, wm, for a
linearly polarized state is given by wm = T
[
∆ω0 − ωm − (−αγa + γp) (−1)l
]
, where l = 0(1) corresponds
to xˆ- (yˆ-) polarized states. Similarly, the normalized initial detuning, ∆, for a linearly polarized state is
∆ ≡ wth0 − T [−α′γa + γp] (−1)l = wm + β m (here, β ≡ kµ/κ and α′ ≡ α − β). The normalized val-
ues for the population inversion (n) and for the injection current (m) are n ≡ T [κ(N − 1)− (−1)lγa] and
m ≡ T [κ(µ− 1)− (−1)lγa]. In addition, we use the following definitions: λ ≡ Tσ, Λ ≡ √1 + α2λ. Using this
normalization, the steady states are given by:
w − wm = −λΠ(w)(α cosφ− sinφ), n = −λΠ(w) cosφ, (7)
where Π(w) is the normalized absolute value of the filter reflectivity (the filter shape or the filter profile):
Π(w) ≡ |h(w/T + ωm)|, and φ ≡ Arg(h) − τ(Ω + ω0) is the full feedback phase. For the case of a double
reflectivity from the grating considered here, the filter profile is Π(w) = (sinw/w)2 and the full feedback phase
φ = −2w − τ(Ω + ω0).
The steady states are situated on the ellipse-like curve in the space of the normalized inversion-frequency (w,
n)19:
n2 + [w − wm − αn]2 = λ2Π2(w). (8)
In the three-dimensional (wm, w, n)-space, this equation describes a whirligig-like steady-state surface (see
Figure 4b). (Equations (7) give this surface in the parametric form.) The envelopes of the solution (or mode)
structure in the spaces (wm, w) and (wm, n) can be obtained from the corresponding extrema of the curve
of steady-states (8). Geometrically, these envelopes can be envisaged as the extrema of the projections of the
steady-state surface in the three-dimensional (wm, w, n)-space onto corresponding two-dimensional subspaces
(Figure 4b).
In accordance with that, the analytical expression for the envelope En (in the (wm, n)-space) can be found
by differentiation d/dw from (8) and using dwm/dw = dn/dw = 0, which results in:
w − wm = λΠ(w)
(
±α
√
1− λ2Π′2(w) + λΠ′(w)
)
, n = ±λΠ(w)
√
1− λ2Π′2(w). (9)
The upper and the lower signs correspond to the upper (Enu) and the lower (Enl) boundaries of the mode
structure in the space (wm, n). The value of the full feedback phase φ corresponding to the modes belonging
to the En envelope is given by sinφn = λΠ′(w). Analogously, the envelope Ew in the space (wm, w) has the
following form:
w − wm = ±ΛΠ(w), n = ±ΛΠ(w)α/(1 + α2). (10)
The value of the full feedback phase φ corresponding to the modes belonging to the upper (Ewu) and lower
(Ewl) envelope is the same as for the case of conventional feedback: φw± = (1± 1)pi2 −ϕα correspondingly, where
tanϕα = 1/α.
The limit points (or bistability boundaries) can be determined, e.g., from the envelope Ewl (10) by using
dwm/dw = 0, which results in:
ΛΠ′(w) = −1. (11)
The limit points lie on the blue-side of the filter maximum where Π′(w) < 0, if this derivative of the profile exists.
Thus, the bistability domain is given by the inequality: ΛΠ′(w) ≤ −1. To obtain the bistability boundaries (B),
eq. (11) has to be solved along with eq. (10). It is evident that the bistability domain does not depend on any
parameter of the system in the normalized parameter space (wm,Λ) and is a function of the filter shape Π(w)
only. From the above considerations, we can obtain the bistability condition:
Λ ≥ 1/y1, (12)
where y1 = −minΠ′(w). According to (12), the bistability can be found (in an appropriate interval of the initial
detuning) only, if the normalized feedback strength is greater than a value Λmin = 1/y1. Reformulated for the
original variables, the bistability condition (12) reads
B ≡
√
1 + α2 σ
2HWHM
≥ 1
2x0y1
, (13)
where the variables on the right hand side are again only determined by the filter profile. The corresponding
numerical value for the case of the Littman configuration is 1/(2y1x0) = 0.924 (with y1 = 0.540).
Analogous expressions can be obtained for the case that multiple round trips of the field in the external
cavity are taken into account. This can be important for high feedback levels. In particular, the equations for
the steady state curve/surface can be represented in the following form:
[n˜− r2/(1− r2)]2 + [w˜ − w˜m − αn˜]2 = r2/(1− r2)2, (14)
where r(w˜) = r2|r3(w˜)| and the values with the tilde are obtained from their values in the single round-trip
approximation by x˜ = x/C with C = (1 − r22)/(r22τin). The envelopes, the bistability conditions, etc. can be
found from this equation in the same way as discussed above.
The experimentally observed bistability-threshold feedback strength is about 0.5% (σx = 17.7ns−1). This
results in an bistability parameter (see eq. (13)) of B = 1.005, which is 9% greater than the corresponding
theoretical value B = 0.924 for the threshold. Keeping in mind that some of the parameters are not well known
(cf. the discussion above), this is regarded as a satisfactory agreement. In order to give an example for the
sensitivity of the results on parameters, the choice of a higher value of the reflectivity R2 = 0.995 (instead of
R2 = 0.994 used above) leads to the estimation for the bistability parameter B which is 10% smaller than the
corresponding theoretical value for the bistability threshold.
Figure 5 presents the bistability domains (thick lines) in the space spanned by the normalized feedback
strength Λ and the normalized full detuning wm (left panel (a)), and in the space spanned by the renormalized
pump current (using κ∆µ ≡ κ(µ− 1) = κ(J − Jth)/Jth ' m/T ) and the feedback strength σ (right panel (b)).
The two panels can be regarded to display related information, once in normalized units, once in the physical
ones. The left (right) curves (Bl and Br) in Figure 5a contain the left (right) limit points of the bistable envelopes
(Figure 4). They correspond to situations were the jump of the intensity at the abrupt turn-on event is maximal
(or zero). The shape of the bistability domain in the normalized parameter space (wm,Λ) does not depend on any
parameter of the system and is a function of the filter shape Π(w) only. According to the bistability condition
(12), the bistability can be found (in an appropriate interval of the initial detuning) only, if the normalized
feedback strength is greater than a value Λmin = 1/y1. The bistability domains for different initial detunings ∆
(∆/(2piT ) = [−24.0,−9.5, 6.0, 11.2]GHz from right to left) are separated from each other in the physical space
(Figure 5b).
In order to find the domain of bistability between the off-state and a grating-controlled state (denoted short as
on/off-bistability domain in the following) we have to add the threshold conditions to the above considerations.
They can be found in the envelope approximation using (9) for the lower envelope Enl (or the steady state
surface, eq. (8) and the relations mth = n and ∆ = wm + β m. The corresponding threshold conditions and
the threshold surface containing the threshold solutions are obtained from (9) and (8) simply by the following
substitutions: n→ m, wm → ∆, α→ α′.
The set of nine threshold curves (T) located (on average) inside the V-shaped bistability domain is shown in
Figure 5a for different initial detunings ∆ by thin lines marked as 1,2,...,9. Analogously, the four threshold curves
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Figure 5. (a) Bistability domains in the space (wm, Λ) (thick line), and threshold curves (thin lines marked by 1,2,...9)
corresponding to different normalized initial detunings ∆/(2piT ) =[-46.4 -34.6 -22.9 -11.2 -1.0 6.0 12.1 20.8 23.9] GHz.
(b) Bistability domains in the space (k∆µ, σ) (thick lines) and threshold curves (thin lines) corresponding to different
normalized initial detunings ∆/(2piT ) =[-24.0, -9.5, 6.0, 11.2] GHz (from right to left). The thinnest lines (close to
the threshold curves) give the threshold in multiple round trip approximation (14). The markers ’circle’, ’triangle’ and
’diamond’ denote the numerically obtained laser threshold and the abrupt turn -on and -off events. The two latter
ones are connected by dash-dotted and dashed lines correspondingly. Solid broken lines (marked by solid dots) are the
experimental abrupt turn-on data shown in Figure 2b.
(T) for four different initial detunings ∆ situated inside the four corresponding V-shaped bistability domains
in the physical space of Figure 5b are given by thin lines. In accordance with the analysis performed in,19
the contact points of the threshold curves with the bistability boundaries correspond to a transition between
supercritical and subcritical (below or above the point, respectively) turn-on behavior. The on/off-bistability
domain is situated between the right bistability boundary Br and the threshold curve T above (and to the right
of) the point. In some interval of ∆, the threshold curves contain a point of self-intersection creating a loop
with the shape of a swallowtail (curves 5, 6, 7 of Figure 5a and curves 3, 4 of Figure 5b). For initial detunings,
for which the self-intersection point is at a lower feedback strength than the contact point, this self-intersection
point can be considered as being the exchange point between supercritical and subcritical turn-on behavior.
Geometrically, the formation of the considered swallowtail-like configuration corresponds to the situation
when for the (wm,n)-projection of the transparent 3D whirligig-like surface (8), the whirligig rim hides partially
the whirligig axis (or, more exactly, starts to hide two diametrically opposite points of the whirligig axis, see
Figure 4b). It will be accompanied by the corresponding metamorphoses of the En- envelope and therefore of
the threshold curves T (see details in19). A swallowtail behavior can be observed only for the case λ ≥ 1/z1,
where z1 = max
√
1
2 (Π
2(w))′′. The corresponding threshold value for the ”square-sinc” profile is z1 = 0.581.
The thinnest lines (close to the threshold curves) in Figure 5b give the threshold determined in the multiple
round-trip approximation (14). For the values of the feedback strength σ presented in the figure, the difference
between the two approaches is quite small, the larger for smaller initial detuning ∆. In this figure, we give also
for comparison the values of the pump current at which the abrupt switch-on was observed experimentally (solid
broken lines marked by solid dots already shown in Figure 2b). One can see a similar tendency in the theory and
in the experiment. In order to understand some of the differences, we have carried out numerical simulations.
The results of these are presented below.
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Figure 6. Evolution of the averaged intensities (< |Ex| >2) and of the averaged frequencies (< Ωx >) for Ex- polarized
components (averaging time is 200ns with sampling step 0.08ns) versus injection current (lower panels) or the frequency
∆ω0 (upper panels). The thick solid curves denote the results obtained from numerical simulations for the x- component.
The thin lines denote the analytically obtained steady-state solutions. ∆/(2piT ) = 11.2GHz; σ = 38ns−1 (a), 66ns−1
(b), 90ns−1 (c).
5. RESULTS OF NUMERICAL SIMULATIONS AND COMPARISON WITH
EXPERIMENTS
In order to integrate the model equations numerically, a forth-order variable-step method has been used. For
low values of the feedback strength – i.e., σ being smaller the bistability threshold (13)–, a smooth LI-curve with
the supercritical turn-on usual for lasers is observed. This corresponds to the third experimental curve shown
in Figure 2a. For a higher feedback strength (above the bistability threshold), the results depend on the value
of the initial detuning ∆. For rather large positive ∆, the smooth supercritical turn-on is followed by an abrupt
jump of the laser emission to a high level of the intensity. This behavior is typical for the bistability between
lasing states of the solitary laser and feedback affected states.8, 9
For a small values of the detuning, hysteresis between the off-state and the highest gain external-cavity mode
can be observed.10 Typical examples of LI-curves for this case are presented in Figure 6. For comparatively small
feedback strength, the LI-curves show a small pedestal before the abrupt turn-on (Figure 6a). The pedestal is
the remnant of high-amplitude oscillations after time averaging. The pump current corresponding to the abrupt
jump of the intensity is shifted to a higher value with respect to the threshold point. (We can call it a ”shift due
to the existence of intermediate attractive dynamical states” or shortly a ”dynamical shift”.) The hysteresis loop
(with increasing/decreasing the current) for this case is quite narrow. For higher feedback levels, the pedestal
disappears and an abrupt turn-on takes place exactly at the laser threshold (Figure 6b). Increasing the feedback
strength leads to an enlargement of the hysteresis loop (Figure 6c). This was also observed in the experiment
(Fig. 2). The effect is connected to the fact that at higher feedback levels the frequency (see the upper panels
of Figure 6) of the most stable maximal-gain-mode (envelope En, containing the modes with the maximal
gain) moves away from the edge (envelope Ew, containing the minimal frequency modes) well into the external
cavity mode structure in (∆ω0,Ω)-space, or (wm,w)- space respectively, for increasing feedback strength. At the
backward scan of the injection current, the system tries to move along a previously selected external cavity mode
up to the point where this mode disappears due to a saddle-node bifurcation. This corresponds to the point
of abrupt turn-off point. We caution that the switch-off can occur slightly earlier depending on noise level and
noise realization. As the images in the upper panels of Figure 6 illustrate, states with an intermediate frequency
(close to the grating frequency) have a larger existence interval in current than the states close to the minimal
frequency. Hence, the stability interval of the maximal gain mode – and therefore the width of the hysteresis
loop – increases for increasing feedback strength. Analogous regularities were observed for the case of hysteresis
between the lasing solitary laser state and the feedback affected state.8, 9
The points corresponding to the laser thresholds, to the abrupt turn -on and -off events obtained in numerical
simulations are denotes by ’circles’, ’triangles’ and ’diamonds’ in Figure 5b. The latter (turn -on/off events) are
connected to each other by dash-dotted/dashed lines for convenience. We see that the numerically calculated
thresholds (’circles’) lie exactly on the analytically obtained threshold curves (thin lines). For low feedback
strength, the points of abrupt turn -on/off (’triangles’ / ’diamonds’) almost coincide with each other and are
shifted quite strongly to the left of the threshold points due to the existence of the intermediate high-amplitude
oscillations described above. For a larger initial detuning ∆ (into the positive direction) this dynamical shift
becomes larger. For moderate feedback level (σ ∼ 40ns−1), both the hysteresis loop between the on-off events
and the value of the dynamical shift are small. At even higher feedback levels, the turn-on points (’triangles’)
coincide almost exactly with the threshold points (zero dynamical shift). The turn-off points (’diamonds’) are
strongly shifted to the right resulting in a large hysteresis loop. Again, a larger initial detuning ∆ (into the
positive direction) results in a widening of the hysteresis loop. (The sharp bend of the dashed curve 3 (with
∆/(2piT ) = 6.0GHz) marked by ’diamonds’ at strong feedback level (σ = 83 − 85ns−1) are explained by the
abrupt turn-on selects the 11th and 10th modes respectively (the numeration starts from the reddish mode.)
Correspondingly, the hysteresis loop in second case are smaller.
Solid broken lines (marked by dots) (Figure 5b) are the experimentally observed abrupt turn-on data presented
earlier in Figure 2b. Here, we superimpose them to the theoretical ones for a qualitative comparison. The
qualitative behavior is quite similar, though the slopes of the theoretically and experimentally found turn-on
curves are slightly different. In the theory, the slopes are determined approximately only by the value of α (and
α′) at least for quite high filtering feedback levels: The higher α the smaller the slope. The observed discrepancy
hints either to some mismatch of the parameters entering the calculation or to an uncertainty in the experimental
determination of the threshold values. As already mentioned above, the results for opposite signs of rotation of
the linear polarizer controlling the feedback strength differed somewhat indicating a parasitic misalignment.
In addition, an inspection of the LI-curves corresponding to the leftmost experimental curve in Figure 2b
shows the presence of a smooth supercritical switch-on followed by a subsequent abrupt turn-on for strong
feedback levels. This is in contrast to the behavior at moderate feedback levels where at the same grating
frequency a subcritical turn-on is observed (not shown). This behavior is in contradiction to the theory where
for a fixed initial detuning only subcritical turn-on events are expected above a threshold value of the feedback
strength.
Alternatively, the feedback-induced change of losses or the resulting shift of the threshold current can lead to
a change of the effective temperature of the active medium (due radiation-cooling under lasing conditions) and
therefore to a change of the effective ”solitary” laser frequency ∆ω0 (better to say cavity resonance condition).
Hence, the latter can be a function of feedback parameters in a more sophisticated microscopic theory. Theoretical
investigations on the influence of both the polarization and the angle misalignment can be useful to understand
the inevitably non-ideal experimental situation. In particular, a more realistic shape of the filter transfer-function
might explain some distinctive details observed in the experiment.
Nevertheless, we observe 5% coincidence for the maximal threshold reduction in the theory and in the
experiment, at least 9% coincidence for the bistability threshold and approximately 30% coincidence for the
slope of the bifurcation (switch-on) lines in the Figure 5b. Hence, the totality of the observations indicate that
the coincidence of the experimental and theoretical findings is not only qualitatively but also quite acceptable
on a quantitative level.
It would be tempting to interpret the fractures (sharp bends or sharp changes in slope) of the two left
experimental lines in Figure 2b at high feedback levels as being indications for the swallow-tail fractures of
the theoretical threshold curves (T) arising at the same values of the initial detuning due to the swallow-tail
catastrophe (see curves 6 and 7 in Figure 5a or corresponding to them curves 3 and 4 in Figure 5b). However,
the swallow-tail bends appear in the theory only at feedback levels 30% higher than the experimental ones. A
reduction of the bifurcation parameter λ = σT by about 30% can be achieved either by increasing σ (e.g., by a
reduction of R2 up to the value 0.9915) or by decreasing the HWHM of the filter to 10 GHz. In order to keep
the previous value of B, the parameter α has to be decreased to 3. However, this change of parameters would
result in a strong decrease of conformity between the slopes for the theoretical and experimental turn-on curves
and is considered hence as being unlikely. Probably, the irregular changes in slope of the experimental curves
are due to misalignments arising if the feedback strength is changed (as discussed already above). We remark
that the detection of the swallow-tail bends in the experimental turn-on curves would be interesting because it
could be considered as confirmation of the correctness of the chosen shape for the grating transfer-function. I.e.,
the swallow-tail catastrophe can not be found at reasonable feedback levels in the case of the Lorenzian filter
profile in contrast to the sinc- or square-sinc profile. Analogously, a relative comparison of the experimentally
measured values of the initial detuning corresponding to the turn-on curves in Figure 2b with the theoretical
ones shows that these values can be quite good fitted for the case of square-sinc filter profile but not for the case
of a Lorenzian one.
6. CONCLUSION
In this paper we compare the experimentally and theoretically found regularities for the on/off- bistable behavior
of a VCSEL with external filtered optical feedback from a distant diffraction grating. The theoretical description
of the phenomenon is based both on an analytical treatment, which is given within framework of the so-called
envelope approximation, and on the direct numerical simulation. The comparison shows quite good qualitative
agreement of the abrupt turn-on/off events with increasing/decreasing the injection current, of the bistability
domains, of the parametric dependencies for the turn-on/off in the theory and in the experiment. In particular,
the experimentally observed bistability threshold coincides with the theoretically predicted one to within 9%.
A less good accuracy (∼30%) is obtained for the slopes of the abrupt turn-on curves in the space spanned by
injection current versus the feedback strength. The analysis yields a quite acceptable quantitative coincidence
between theory and experiment. Due to rather large uncertainties in the laser parameters and some drawbacks
inherent both in the experiment and in the theory, a more exact comparison is difficult and a better coincidence
probably can not be expected.
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